Foreword  by Bajard, Jean-Claude et al.
Theoretical 
Computer Science 
Theoretical Computer Science 162 (1996) l-3 
Foreword 
This Special Issue contains a collection of papers selected from submissions received 
in response to a Call for Papers and to a special invitation to submit sent to the authors 
of papers presented at the conference Real Numbers and Computers that was held in 
Saint-Etienne, France, in April 1995. Two of the following papers are revised versions 
of communications presented at the Saint-Etienne conference. 
The aim of the Saint-Etienne conference was to bring together people belonging 
to various scientific domains: theoretical computer science, number theory, numeri- 
cal analysis, computer algebra.. ., all concerned by the manipulation of real numbers. 
Efficient handling of real numbers in a computer is a very serious problem, not 
yet solved in a satisfying way. The floating-point formats most often used in scientific 
computing usually give sufficient results, but many reliability problems may occur. 
Users (from computer algebra, computational geometry,. .) may need results far more 
accurate than the ones obtained with usual number systems, if not exact results. 
The first paper is concerned with the model of computation introduced by Blum, 
Shub and Smale in their seminal paper. There, Blum Shub and Smale introduced a 
model (denoted by BSS model in the sequel) which captures and formalizes the model 
used in scientific computations, especially in numerical analysis and thus it is of great 
concern with real numbers algorithms. 
The contribution by Sebastian0 Vigna, “On the relations between distributive com- 
putability and the BSS model”, deals with foundational issues in the BSS model, 
namely the different formulations of the concept of recursive function in the BSS model. 
The main result shows that the class of functions computable in the framework of dis- 
tributive category “over the reals” is the class of recursive functions of the BSS model. 
As said by the author, equivalent formulations of the notion of BSS recursive mnc- 
tion tend to reinforce “Church Thesis” for the BSS model and thus its legitimation as 
a “right model of computation for numerical analysis”. 
In “Recursion theory on the reals and continuous-time computation”, Cristopher 
Moore introduces a class of functions on real numbers which are built analogously 
to the classical recursive functions on natural numbers. The discrete recursion 
is replaced by integration. This set of functions corresponds to a (physically 
unrealistic) model of analog computation expressible with a programming language 
in which for and while loops run in continuous time. “Recursive characterization of 
computable real-valued functions and relations”, authored by Vasco Brattka, introduces 
a class of recursive relations in metric spaces such that each relation is generated 
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from a class of basic relations by a finite number of applications of some specified 
operators. 
The paper by Martin Hotzel Escardo, “PCF extended with real numbers” presents 
an extension of the programming language PCF with a type for (total and partial) real 
numbers. A partial real number is an element of a cpo of intervals whose subspace 
of maximal elements is homeomorphic to the Euclidean real line. M. Escardo shows 
that partial real numbers can be considered as “continuous words”, and that the usual 
basic operations cons, head and tail generalize to partial real numbers. This allows 
to give an operational semantics to the extension of PCF to real numbers. 
On-line arithmetic was introduced in 1977 by Ercegovac and Trivedi. In on-line 
arithmetic, the digits of the operands circulate through the operators serially, most 
significant digit first. This requires the use of redundant number systems, that allow 
carry-free additions. On-line arithmetic was originally designed to be used in special- 
purpose integrated circuits, mainly for digital signal processing applications (i.e., quite 
far from the scope of this journal!). However, on-line arithmetic seems to be a good 
candidate for the actual implementation of arbitrary-precision systems. “On the linearity 
of on-line computable functions”, by Hratchia Ptlibossian, gives a characterization of 
the functions that are computable on-line by finite automata. 
Efficient arithmetic circuits for manipulating numbers are difficult to design. It is 
even more difficult to prove their correctness. In “Parallel Evaluation of arithmetic 
circuits”, Nathalie Revol and Jean-Louis Roth give a generic algorithm that can be 
used as a “compiler” to automatically produce fast arithmetic operators. 
The main problem when performing long computations in (finite precision) floating- 
point arithmetic is to have an estimation of the roundoff error. Since the sum, the 
product or the quotient of two “machine numbers” is not a machine number in gen- 
eral, it must be rounded before being stored or used for another arithmetic operation. 
Being considered separately, each of those rounding errors is very small, but it is dif- 
ficult to predict if they compensate or if they pile up. The contribution by Alexander 
Mikov, “Large addition of machine real numbers: accuracy estimates” gives probabilis- 
tic bounds for the accumulated roundoff error for the addition of positive independent 
random variables. 
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